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$k$ , $X$ $k$ . $X$ $i$
$n$ Tate twist $M=h^{i}(X)(n)$ $L$ . $M$ $w–i-2n$ .
“ ” (Betti, de Rham, l , , ) . l
. $M_{l}=H^{i}(\overline{x},$ $\mathbb{Q}\iota^{(n))}$ .
$k$ $v$ $\mathrm{F}\mathrm{r}_{v},$ $I_{v}$ $v$ Frobenius, ,
$P_{v}(M,t)=\det(1-\mathrm{F}\mathrm{r}v.t|M_{l}^{I_{v}})$
. $l$ &2 $v$ , $P_{v}(M, t)$ $l$ $\mathbb{Z}$
. good reduction . $L$
$L(M, S)=\square Pv(M, q^{-s}v)v$
( $q_{v}$ $v$ ). Deligne Weil , $L(M, s)$
${\rm Re}(s)> \frac{w}{2}+1$ . Euler , $L_{\infty}$
. ,
, Betti $H^{i}(X(\mathbb{C}), \mathbb{Q})$ Hodge .
$\Lambda(M, s)=L(M, S)\cdot L_{\infty}(M, S)$
.
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11(Hasse-Weil). $L(M, s)$ , $w$
$s= \frac{w}{2}+1$ .
$\Lambda(M_{S},)=a\cdot b^{S}\cdot\Lambda(M,w+1-S)$
( $a,$ $b$ ).
X Fermat , $L$ Hecke $L$ (Weil)
. , , Wiles
$L$ $L$ – , .




$(a)m> \frac{i}{2}+1$ . .
$(b)m= \frac{i}{2}+1$ ( $i$ ).
.
12(Tate).
$CH^{m-1}(X)\otimes \mathbb{Q}_{p}arrow H^{2m-2}(\overline{x}, \mathbb{Q}_{p}(m-1))$
$k$ Galois – , $-\mathrm{o}\mathrm{r}\mathrm{d}_{sm}=L(M_{S},)$ .
$CH^{d}(X)$ $d$ , Chow .
X $m=2$ , Faltings . Fermat
$\text{ }$ (Tate, Katsura-Shioda), .
$(c)m=$ ( $i$ ).
13(Beilinson-Bloch). $CH^{m}(X)0$ , Abel-
Jacobi
$CH^{m}(X)0\otimes \mathbb{Q}_{p}arrow H^{1}(k, H^{21}m-(\overline{X}, \mathbb{Q}_{p}(m)))$
, $\mathrm{o}\mathrm{r}\mathrm{d}_{s=m}L(M_{S},)$ .
$X$ $m=1$ , Birch-Swinnerton-Dyer .
$(d)m< \frac{i+1}{2}$ . , 11
$(a)$ $(b)$ .
$k=\mathbb{Q}$ , $\mathbb{Q}$
, . $n=i+1-m$ . Beilinson [Be] , $m \leq\frac{i+1}{2}$
regulator











$H_{\lambda 4}^{2m}(X, \mathbb{Q}(m))=K_{0}(X)^{(m)}\mathbb{Q}\simeq CH^{m}(X)_{\mathbb{Q}}$
. $\mathbb{Z}$ proper, $X$ ,









1.4 (Beilinson). $m \leq\frac{i}{2}$ , regulator $r$
$H_{\lambda 4}^{i+1}(x, \mathbb{Q}(n))_{\mathbb{Z}}\otimes \mathrm{R}\simeq H_{D}^{i+1}(x_{/}\mathbb{R}, \mathrm{R}(n))$
( , $m= \frac{i}{2}$ . $CH^{m}(X)/CH^{m}(X)0\otimes \mathrm{R}$ ).
$\text{ }\mathfrak{l}’.,$ $m \underline{<}\frac{i}{2}\text{ }$
$\dim_{\mathbb{Q}}(H_{\lambda^{+}}^{i}1(4x, \mathbb{Q}(n))_{\mathbb{Z}})=\mathrm{o}\mathrm{r}\mathrm{d}_{s=m}L(M_{S},)$
( $m= \frac{i}{2}$ 12 ).
Beilinson ( Deligne [D]) , $L(M, s)$ $s=m$ (Taylor
) , ( $\mathbb{Q}$- ) ,
– . $m= \frac{i+1}{2}$ Height paring
.
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$L$ Bloch-Kato [B-K] ,
$p$ Hodge . regulator
$P$ regulator
$r_{p}$ : $H_{\mathrm{A}4}^{i+1}(x, \mathbb{Q}(n))\otimes \mathbb{Q}_{p}arrow H^{1}(\mathbb{Q}, V);V=H^{i}(\overline{X}, \mathbb{Q}_{p}(n))$
, Deligne Selmer ( $\mathbb{Q}_{p}$- )
$H_{f}^{1}( \mathbb{Q}, V)=\mathrm{K}\mathrm{e}\mathrm{r}(H^{1}(\mathbb{Q}, V)arrow\bigoplus_{a\mathrm{t}ll}\frac{H^{1}(\mathbb{Q}_{l},V)}{H_{f}^{1}(\mathbb{Q}l,V)})$
. , $H_{f}^{1}(\mathbb{Q}\mathrm{t}, V)$ , $l\neq p$ , $l=p$
Fontaine $P$ $B_{\mathrm{c}\mathrm{r}\mathrm{i}\mathrm{s}}$ .
( ) $T$ $V$ Galois $\mathbb{Z}_{p}$- , $A=V/T$ . Selmer
$S( \mathbb{Q}, A)=\mathrm{K}\mathrm{e}\mathrm{r}(\alpha:H^{1}(\mathbb{Q}, A)arrow\bigoplus_{alll}\frac{H^{1}(\mathbb{Q}_{l},A)}{H_{f}^{1}(\mathbb{Q}l,A)})$
. , $H_{f}^{1}(\mathbb{Q}l, A)$ $H_{f}^{1}(\mathbb{Q}\iota, V)$ . ( ) $\mathbb{Z}_{p}$-corank $H_{f}^{1}(\mathbb{Q}, V)$
– . .
1.5 (Bloch-Kato). $m$ , $P$ regulator $r_{p}$
$H_{\mathcal{M}}^{i+1}(X, \mathbb{Q}(n))\mathbb{Z}^{\otimes \mathbb{Q}\simeq}pH^{1}f(\mathbb{Q}, V)$
( , $m= \frac{i+1}{2}$ . $CH^{m}(x)\otimes \mathbb{Q}_{p}$ , $CH^{m}(X)_{0\otimes}\mathbb{Q}_{p}$
). , 12, 13, 14
$\dim_{\mathbb{Q}}(\mathrm{p}(H_{f}^{1}\mathbb{Q}, V))=\{$
.
$\mathrm{o}\mathrm{r}\mathrm{d}_{sm}=L(M_{S},)$ , $(m \leq\frac{i+1}{2})$
$0$ , $(m. \geq\frac{i}{2}+1)$
.
2.
$F$ $\mathbb{Q}$ Fermat 4
$x_{0^{+=}}^{444}X_{123}X+x^{4}$
. $M=h^{2}(F)$ . , 11, 12 . 14, 15
. $P\{6$ $V=H^{2}(\overline{F}, \mathbb{Q}_{p}(2))$ .
21( $[\mathrm{O}$ , Theorem 0.3]).
$\dim_{\mathbb{Q}_{p}}(H_{f}1(\mathbb{Q}, V))=\mathrm{o}\mathrm{r}\mathrm{d}_{s=1}L(M_{S},)=2\leq\dim_{\mathbb{Q}}(H^{3},(\lambda tF, \mathbb{Q}(2))_{\mathbb{Z}})$.
, $\mathbb{Q}(\sqrt{-1})$ ( , 4).
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, $H_{\mathcal{M}}^{3}(F, \mathbb{Q}(2))_{\mathbb{Z}}$ 2 ,
$r_{p}$ $H_{f}^{1}(\mathbb{Q}, V)$ , , .
$\text{ }-$ , $F$ Kummer . Kummer
, $\{\pm 1\}$ , 2 16
$K3$ . Fermat 4 $C$ 2
$E$ . $E$ $\mathbb{Z}[\sqrt{-1}]$ , 2 . Katsura-Shioda
$C$
.
$\cross C$ $F$ , $E\mathrm{x}E$ Kummer
Km$(E\cross E)$ , 2
$g:\tilde{F}arrow \mathrm{K}\mathrm{m}(E\cross E)$
. , $\overline{F}$ $F$ 8 blow-up .
, $\mathrm{P}\mathrm{i}\mathrm{c}(F)$ . $\mathrm{P}\mathrm{i}\mathrm{c}(\overline{F})$
, $\mathrm{P}\mathrm{i}\mathrm{c}(\mathrm{K}\mathrm{m}(E\cross E))$ $\overline{F}$ 8
, .
, $E\cross E$ , Km$(E\cross E)$ , $F$ .
, Selmer , .
.
, $\mathrm{o}\mathrm{r}\mathrm{d}_{s=1}L(M_{S},)$ , 11, 12 Picard ( 1
) Hodge .
Selmer , $E\cross E$ Flach [F1] (cf. [L-R]), Wiles [W]
(CM , $p$ supersingular reduction cf. [O]).
, Langer-Saito [L-S] Flach (Rubin
) [F1] , $F$ . $E\cross E$ Km$(E\cross E)$
. $F$ $V$ $H^{2}(\overline{\mathrm{K}\mathrm{m}(E\cross E)}, \mathbb{Q}p(2))$ “ ”
, 8 .
$\mathbb{Q}(\zeta_{8})$ , $V$ $\mathrm{I}\mathrm{n}\mathrm{d}_{\mathbb{Q}(\zeta_{8})}\mathbb{Q}\mathbb{Q}_{p}(1)$ Galois
. $k$ $\mathcal{O}_{k}$ ,
$H_{f}^{1}(k, \mathbb{Q}p(1))\simeq \mathcal{O}^{*}k^{\otimes \mathbb{Q}_{p}}$
, $\mathbb{Q}$ $\mathbb{Q}(\sqrt{-1})$ $\mathbb{Q}(\zeta_{8})$ 1 , $V$ Selmer
.
H $(F, \mathbb{Q}(.2))_{\mathbb{Z}}$ , 8
.
228
, Selmer . ,
Tate Euler-Poincare’ :
$\dim_{\mathbb{Q}}(pH_{f}1(\mathbb{Q}, V))=\dim_{\mathbb{Q}_{\mathrm{p}}}(V)-\dim \mathbb{Q}_{\mathrm{p}}(V^{\mathrm{c}}\mathrm{a}1(\mathbb{C}/\mathrm{R}))-\dim \mathbb{Q}_{p}D^{0_{\mathrm{R}}}(\mathrm{d}V)$
$-\dim_{\mathbb{Q}_{p}}(V(-1)^{\mathrm{G}\mathrm{a}1(}\overline{\mathbb{Q}}/\mathbb{Q}))+\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}_{\mathbb{Z}}\mathrm{p}(\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\alpha))$ .
$\alpha$ Selmer . – Hodge .
, Fontaine $p$ $B_{\mathrm{d}\mathrm{R}}^{+}\subset B_{\mathrm{d}\mathrm{R}}$ , $p$ Hodge
(de Rham ) . – 12 Picard
– . , $\mathrm{C}\mathrm{o}\mathrm{k}\mathrm{e}\mathrm{r}(\alpha)$ .
, $\mathbb{Q}_{p}$- ( ). , $p$ regulator
$H_{\mathcal{M}}^{3}(F, \mathbb{Q}(2))arrow H^{1}(\mathbb{Q}r_{p}, V)arrow\bigoplus_{a}\alpha’\iota\iota\iota\frac{H^{1}(\mathbb{Q}\iota,V)}{H_{f}^{1}(\mathbb{Q}_{\iota,V})}$
“ ” ,
$\bigoplus_{\iota\neq p}\frac{H^{1}(\mathbb{Q}_{l},V)}{H_{f}^{1}(\mathbb{Q}_{\iota,V})}\oplus\frac{H_{\mathit{9}}^{1}(\mathbb{Q}_{p},V)}{H_{f}^{1}(\mathbb{Q}_{\dot{p}},V)}$
. , $H_{\mathit{9}}^{1}(\mathbb{Q}_{p}, V)$ $B_{\mathrm{d}\mathrm{R}}$ $H_{f}^{1}\subset H_{\mathit{9}}^{1}\subset H^{1}$
, . , Langer-Saito [L-S]
$H_{\mathcal{M}}^{3}(F, \mathbb{Q}(2))\otimes \mathbb{Q}_{p}$
$\alpha’\mathrm{o}\mathrm{r}_{\mathrm{p}}arrow$
$l\{2p\oplus H1(\mathbb{Q}\iota, V)/H^{1}(f\mathbb{Q}l, V)\oplus H_{gf}1(\mathbb{Q}_{p}, V)/H1(\mathbb{Q}_{p}, V)$
$\partial\searrow$ t2
$l\{2p\oplus \mathrm{p}\mathrm{i}\mathrm{c}(F\iota)\otimes \mathbb{Q}_{p}\oplus \mathrm{p}\mathrm{i}_{\mathrm{C}}(F)p\otimes \mathbb{Q}_{p}$
( Tate ) , $\partial$ ( bad reduction
2 ). , $F_{l}$ $F$ $l$ reduction $\partial$ K
localization sequence boundary .
, E $\cross$ E Mildenhall [M] , $H_{\mathcal{M}}^{3}(E\cross E, \mathbb{Q}(2))$ “indecom-
posable” .
, Eichler-Shimura (Flach [F2]
, $E$ $H^{2}(\overline{E\cross E}, \mathbb{Q}_{p}(2))$ Selmer
). $F$ , $g$ $\partial$
, Picard [$\mathrm{O}$ , Theorem 0.2].
, $H^{1}=H_{\mathit{9}}^{1}$ . , $P$ ordinary ($p\equiv 1$ (mod 4))
$H^{1}/H_{g}^{1}$ 1 $P$ Hodge Tate
, . $\text{ }$ , Flach [F1]
$E\cross E$ $\alpha’$ , $F$ .
229
, , .
22( $[\mathrm{O}$ , Theorem 0.1]). $F/\mathbb{Q}$ . $K=\mathbb{Q}(\sqrt{-1}),$ $F_{K}=F\otimes_{\mathbb{Q}}K$ .
, $P\{6$ $CH^{2}(F)\{P\}$ $CH^{2}(F_{K})\{p\}$ .
, $E\cross E$ Km$(E\cross E)$ ( $E\cross E\otimes_{\mathbb{Q}}K,$ $\mathrm{K}\mathrm{m}(E\cross E)\otimes_{\mathbb{Q}}K$ )





( $K_{2}$ Hilbert 90)
$0arrow H_{\mathrm{Z}\mathrm{a}\mathrm{r}}^{1}(F, \mathcal{K}2)\otimes \mathbb{Q}_{p}/\mathbb{Z}_{p}arrow NH^{3}(.F, \mathbb{Q}_{p}/\mathbb{Z}_{p}(2))arrow CH^{2}(F)\{p\}arrow 0$
. . , $\mathcal{K}_{2}$ $U\mapsto K_{2}(\Gamma(U, \mathcal{O}x))$ Zariski ,
$H_{\mathrm{z}\mathrm{a}\mathrm{r}}^{1}(F, \mathcal{K}_{2})\otimes \mathbb{Q}\simeq H^{3}\lambda 4(F, \mathbb{Q}(2))$
. $N$ Grothendieck coniveau ffltration 1 .
, ( ) Hochschild-
Serre Galois $H^{1}(\mathbb{Q}, A)$ .
$H_{\mathrm{Z}\mathrm{a}}^{1}(\mathrm{f}F, \kappa_{2})\otimes \mathbb{Q}_{p}/\mathbb{Z}parrow H^{1}(\mathbb{Q}, A)$
$r_{p}$
$\mathbb{Q}_{p}/\mathbb{Z}_{p}$- . ,
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